
GAUSSIAN PROCESSES
EXERCISE SHEET 8: LINEAR STRUCTURE OF GAUSSIANS II

Exercise 1.
It is enough to show that CY Y − CY XC−1

XXCXY is a covariance matrix and that(
CXX CX(CY XC−1

XXX−Z)

C(CY XC−1
XXX−Z)X C(CY XC−1

XXX−Z)(CY XC−1
XXX−Z)

)
=

(
CXX CXY

CY X CY Y

)
.

To check that CY Y −CY XC−1
XXCXY is a covariance, we may just compute that it is the covariance

of the Gaussian vector CY XC−1
XXX − Y :

E(CY XC−1
XXX − Y )(CY XC−1

XXX − Y )T

= E(CY XC−1
XXXXTC−1

XXCT
Y X − CY XC−1

XXXY T − Y XTC−1
XXCT

Y X + Y Y T )

= CY XC−1
XXCXY − CY XC−1

XXCXY − CY XC−1
XXCXY + CY Y = CY Y − CY XC−1

XXCXY .

Next we check that CX(CY XC−1
XXX−Z) = CXY :

EX(CY XC−1
XXX − Z)T = E(CY XC−1

XXXXT −XZT ) = CY X .

Similarly C(CY XC−1
XXX−Z)X = CY X , and finally

E(CY XC−1
XXX − Z)(CY XC−1

XXX − Z)T = E(CY XC−1
XXXXTC−1

XXCXY + ZZT )

= CY XC−1
XXCXY + CZZ = CY Y .

□

Exercise 2.
We recall that Γ(k) was given by

∑k
i=1W (i), where W (i) are i.i.d. standard normal random

variables. Let us apply Exercise 1 in the case where X = Γ(n) and Y = (Γ(1), . . . ,Γ(n − 1)). We
then see that (X,Y ) = (Γ(n), (Γ(1), . . . ,Γ(n− 1))T ) has the same distribution as

(Γ(n),
1

EΓ(n)2

 EΓ(1)Γ(n)
...

EΓ(n− 1)Γ(n)

Γ(n)− Z) = (Γ(n),
1

n

 1
...

n− 1

Γ(n)− Z),

where Z is independent of Γ(n) and has covariance

CY Y − 1

n
CY XCXY =

(
min(i, j)− ij

n

)n
i,j=1

=
(min(i, j)(n−max(i, j))

n

)n
i,j=1

.

Thus conditioning on Γ(n) = 0 we get a process −Z =: Γ̂ with the above covariance Ĉ :=(
min(i,j)(n−max(i,j))

n

)n
i,j=1

(the minus sign makes no difference because everything is mean zero).

We recall from the model solution of Exercise 3 of Exercise sheet 7 that the inverse of Ĉ is given
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by the following tridiagonal matrix:

Ĉ−1 =



2 −1 0 0 . . . 0 0 0
−1 2 −1 0 . . . 0 0 0
0 −1 2 −1 . . . 0 0 0
0 0 −1 2 . . . 0 0 0
...

...
...

... . . . ...
...

...
0 0 0 0 . . . 2 −1 0
0 0 0 0 . . . −1 2 −1
0 0 0 0 . . . 0 −1 2


.

Moreover, in the same exercise it was shown that the functions ϕi(j) = sin(π ij
n ) are eigenfunctions

of Ĉ−1 with respective eigenvalues λi = 4 sin( πi2n)
2. Thus we may write the process Γ̂ as

Γ̂(j) =

n−1∑
i=1

1√
λi

Aj
ϕi(j)

∥ϕi∥
,

where Aj are i.i.d. N(0, 1) random variables and ∥ϕi∥ =
√
ϕi(1)2 + · · ·+ ϕi(n− 1)2. It was com-

puted in the Exercise 2 of Exercise sheet 7 that ∥ϕi∥ =
√

n/2, so we get

Γ̂(j) =
n−1∑
i=1

1√
2n sin( πi2n)

Aj sin(π
ij

n
).

□

Exercise 3.
We may write

A =
E[A(Ax1 + ϵ1)]

E[(Ax1 + ϵ1)2]
(Ax1 + ϵ1) +B =

x1
1 + x21

(Ax1 + ϵ1) + U

ϵ1 =
E[ϵ1(Ax1 + ϵ1)]

E[(Ax1 + ϵ1)2]
(Ax1 + ϵ1) + C =

1

1 + x21
(Ax1 + ϵ1) + V,

where U and V are independent of Ax1 + ϵ1. Moreover, solving for U and V we get

U =
1

1 + x21
A− x1

1 + x21
ϵ1

V =
−x1
1 + x21

A+
x21

1 + x21
ϵ1.

From here it follows that V = −x1U and U ∼ N(0, 1−x1σ2

1+x2
1
), and (A, ϵ1) has conditional distribution

( x1y1
1+x2

1
+ U, y1

1+x2
1
+ V ) when conditioned on Ax1 + ϵ1 = y1.

For the second part, we use Exercise 1 with X = (Ax1 + ϵ1, . . . , Axn + ϵn) and Y = A. We have

(CXX)ij =

{
xixj , if i ̸= j

1 + x2i , if i = j
, CXY =

x1
...
xn

 and CY Y = 1.
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With e.g. little guessing with small examples we see that

(C−1
XX)ij =

1

1 + x21 + x22 · · ·+ x2n

{
1 +

∑
k ̸=i x

2
k, if i = j

−xixj , if i ̸= j
.

Indeed, if we D is a matrix with the elements as above, and i ̸= j, then

(CXXD)ij =
n∑

k=1

(CXX)ikDkj =
1

1 +
∑n

k=1 x
2
k

(−(1 + x2i )xixj + xixj(1 +
∑
k ̸=j

x2k)−
∑
k ̸=i,j

xixjx
2
k) = 0.

Similarly, if i = j, then

(CXXD)ii =
n∑

k=1

(CXX)ikDki =
1

1 +
∑n

k=1 x
2
k

(
∑
k ̸=i

−x2ix
2
k + (1 + x2i )(1 +

∑
k ̸=i

x2k)) = 1.

Hence

CY Y − CY XC−1
XXCXY = 1−

n∑
i,j=1

(CY X)1i(C
−1
XX)ij(CXY )j1 = 1−

n∑
i,j=1

xixj(C
−1
XX)ij

= 1− 1

1 +
∑n

k=1 x
2
k

( n∑
i=1

x2i (1 +
∑
k ̸=i

x2k)−
∑
i ̸=j

x2ix
2
j

)
=

1

1 +
∑n

k=1 x
2
k

.

Thus when we condition by X = (y1, . . . , yn)
T , we get that A has variance 1

1+
∑n

k=1 x
2
k

and mean

CY XC−1
XX(y1, . . . , yn)

T =
n∑

i,j=1

xi(C
−1
XX)ijyj =

1

1 +
∑n

k=1 x
2
k

( n∑
i=1

xiyi(1 +
∑
k ̸=i

x2k)−
∑
i ̸=j

x2ixjyj

)
=

∑n
i=1 xiyi

1 +
∑n

k=1 x
2
k

.

Assuming next that (xi, yi) ∼ (X, 2X) are independent with X ∼ N(0, 1), we see that the mean
is

2
∑n

i=1 x
2
i

1 +
∑n

i=1 x
2
i

,

which a.s. converges to 2, and the variance a.s. converges to 0. Thus the conditional law of A
converges a.s. to the Dirac delta measure at the constant 2. □

Exercise 4.
We consider the vector (Y,X) where Y := MX. Note that by Exercise 1, it has the same law as
(Y,CXY C

−1
Y Y Y − Z) where Z is a zero mean Gaussian with covariance CXX − CXY C

−1
Y Y CY X . To

see this one simply check that CY Y is invertible, so the proof of Exercise 1 still works. Now we
consider the conditioning Y = MX = 0, in this case, the covariance matrix of X would simply be
the same as Z, which is
(0.1) CXX − CXY C

−1
Y Y CY X = C − CMT (MCMT )−1MC.

□

3


